Abstract. We prove the Baum-Connes conjecture with arbitrary coefficients for some classes of groups:
Introduction
Let G a locally compact group, always assumed to be Hausdorff and second countable. The Baum-Connes conjecture (BC) asserts that two K-groups associated to G are naturally isomorphic. The right hand side, or analytic side, of the conjecture is the K-theory of the reduced C * -algebra C * r (G). The left hand side (or topological side) K top * (G) is the equivariant K-homology of a universal space for proper G-actions. Baum and Connes [BaCo] conjectured that the assembly map
More general versions of the conjecture include coefficient algebras. For a given G-C * -algebra B one can replace C * r (G) by the reduced crossed product C * r (G, B). The In case Conjecture 1 holds whenever B is algebra the compact operators on some separable Hilbert space, we say that G satisfies the twisted Baum-Connes conjecture.
For an introduction to BC(C) for discrete groups we refer to the very readable booklet [Val] . Major advantages of Conjecture 1 over the ordinary BC (with coefficients C) are that BCC is inherited by closed subgroups [ChEc2] and by extensions with amenable groups [CEO] . In view of these properties (which make ample use of Kasparov's KK-theory) we sometimes assume in our proofs that our coefficient algebras are separable. But this is actually no restriction, because for exact groups BC with separable coefficients implies BC with arbitrary coefficients (Corollary A.2).
The main goal of this paper is to verify Conjecture 1 for groups of the form G(R), where G is a linear algebraic group and R is some topological ring over which G is defined. Some (but not too many) of these groups are compact or have the Haagerup property, see [Jul2, §1.4] .
Conjecture 1 is already known in the following cases:
• compact groups [Jul1] ,
• amenable groups and more generally groups with the Haagerup property [HiKa] . On the other hand, several counterexamples to BCC have been worked out, see [HLS] All these counterexamples involve non-exact groups [BGW] , so it might be more prudent to state Conjecture 1 only for exact groups. Fortunately all the groups we encounter in this paper are exact (that follows from [KiWa] ), so this issue need not bother us.
The ordinary Baum-Connes conjecture is known for larger classes of groups than BCC. In particular it has been shown for almost connected locally compact groups [CEN] , for linear algebraic groups over p-adic fields [CEN] and for reductive groups over local fields [Laf] . We point out that for some linear algebraic groups over local fields of positive characteristic BC was open (but see below). We refer to [ELN] for detailed investigation of such groups. Now we come to our main results.
Theorem 2. Let F be a non-archimedean local field and let G be a linear algebraic group defined over F . Endow G(F ) with the topology coming from the metric of F . Then G(F ) and all its closed subgroups satisfy BCC.
For all groups in Theorem 2, the injectivity of the assembly map µ B is due to Kasparov and Skandalis [Kas, KaSk1] . The surjectivity of the analogous map in the context of Banach KK-theory was shown by Lafforgue [Laf] . In particular there exists a certain unconditional completion
is a bijection. See Section 1 for a discussion of these methods. Our new idea is to consider algebras of rapidly decreasing functions from G(F ) to a coefficient algebra B. We require that these functions decrease (in the L 2 -sense) more rapidly than ℓ n for all n ∈ Z, where ℓ : G(F ) → R is a length function coming from the action of G(F ) on its Bruhat-Tits building X. The crucial point is that, with a generalization of results of Vignéras [Vig] , one can find such a Fréchet algebra which is dense and holomorphically closed in C * r (G(F ), B) (Theorem 2.1), and contains many elements of S t (G(F ), B). Together with (2) this enables us to establish the surjectivity of µ B .
We also consider linear algebraic groups G defined over a global field k (with the discrete topology). Recall that the adelic group G(A k ) contains G(k) as a discrete subgroup.
Theorem 3. (see Theorem 4.2) Suppose that for every infinite place v of k the Lie group G(k v ) is amenable. Then the groups G(A k ) and G(k), as well as all their closed subgroups, satisfy the BaumConnes conjecture with arbitrary coefficients.
Of course there are a lot of interesting closed subgroups of G(A k ) or G(k), far too many to list here. Suffice it to refer to [PlRa] and the references therein.
It would be very nice if our method to prove Theorem 2 could be adjusted to a real reductive algebraic group G. We tried this, but so far it did not work out. One problem is that rapid decay in an L 2 -sense does in general not imply rapid decay in an L ∞ -sense. This makes it difficult to fit an algebra of rapidly decreasing functions on G in a unconditional completion (in the sense of [Laf] ).
As far as arbitrary algebraic groups over R are involved, our current methods do suffice to show that G(A k ) satisfies the twisted Baum-Connes conjecture (Theorem 4.5). For this no condition at the archimedean places of k (as in Theorem 3) is needed.
Finally, we mention one well-known consequence of the surjectivity of the assembly map. Kadison and Kaplansky conjectured that, for a torsion-free discrete group Γ, the reduced C * -algebra C * r (Γ) contains no non-trivial idempotents. As explained in [BCH, §7] and [Val, §6.3] , this can be deduced from the surjectivity of
From Theorems 2 and 3 we get:
Theorem 4. Let G be a group as in Theorem 2 or Theorem 3. Let Γ be a torsionfree subgroup of G which is discrete in the subspace topology. Then C * r (Γ) contains no idempotents other than 0 and 1.
The methods of Kasparov and Lafforgue
In this section we recall important previous results about the Baum-Connes conjecture for groups acting on suitable metric spaces.
Let G be a locally compact group, always tacitly assumed to be Hausdorff and second countable. We first suppose that G acts properly and isometrically on an affine building X in the sense of [BrTi, Tit] . These assumptions include that the action is continuous (as usual for topological group actions).
Bruhat and Tits showed that X is a CAT(0)-space [BrTi, 3.2.1] , that it has unique geodesics [BrTi, 2.5.13] and that every compact subgroup of G fixes a point of this affine building [BrTi, Proposition 3.2.4] . By [BCH, Proposition 1.8 ] these properties guarantee that X is a universal space for proper G-actions. In particular the domain of the Baum-Connes assembly map becomes K top * (G) = K G * (X). In this section (but not after that) we also consider complete simply connected Riemannian manifolds with nonpositive sectional curvature which is bounded from below and has bounded covariant derivative. When a locally compact group G acts properly and isometrically on such a space X, the same arguments as for affine buildings ensure that X is a universal space for proper G-actions. Then (1) is again valid. Typical examples are symmetric spaces associated to reductive Lie groups.
Another kind of metric spaces to which the results of this section apply are called "bolic" [KaSk2] . More precisely, we fix δ ∈ R >0 and we let (X, d) be a metric space such that:
• It is uniformly locally finite.
• (X, d) satisfies [KaSk2, (B2') ] for the given δ and satisfies condition [KaSk2, (B1) ] for all δ ′ > 0. By the local finiteness, X is discrete as a topological space. If a locally compact group G acts properly and isometrically on X, then X cannot be a universal example for proper G-actions (unless G is compact), because it is discrete.
From now on we assume that G acts properly and isometrically on a space X of one of the above three kinds. With the dual Dirac method Kasparov and Skandalis [KaSk1] 
) and the product in KK-theory, γ gives rise to an endomorphism of K * (C * r (G)). More generally, for every σ-unital G-C * -algebra B, γ determines an element of End K * (C * r (G, B)) [Kas, §3.12 ]. Theorem 1.1. [Kas, KaSk1, KaSk2] Let G and X be as above.
For every σ-unital G-C * -algebra B, the assembly map
) is injective and has image γ · K * (C * r (G, B)). Thus BC for G with coefficients B becomes equivalent to:
) is the identity.
Obviously (3) would be implied by γ = 1 ∈ KK G 0 (C, C). Although that statement has indeed been proven for some groups acting on CAT(0)-spaces, it is known to be false for many others. This is where Lafforgue's work [Laf] comes in. He developed a KK-theory for Banach algebras, which admits a natural transformation from Kasparov's KK-theory. The advantage is that the image of γ in KK G Ban (C, C) can be 1 even if γ = 1 in KK G 0 (C, C). On the other hand, it is not known whether there exists a natural descent map from KK G Ban (C, C) to KK Ban (C * r (G), C * r (G)). For such a descent, one rather has to replace C * r (G) by suitable Banach algebra completions of C c (G). Definition 1.2. A norm on C c (G) (or an a completion thereof) is unconditional if every f ∈ C c (G) has the same norm as its absolute value |f |.
A Banach algebra A(G) containing C c (G) as dense subalgebra is said to be an unconditional completion (for G) if its norm is unconditional.
For every unconditional completion A(G) and every G-C * -algebra B, there exists a version A(G, B) of the crossed product of B with G. Furthermore Lafforgue exhibited a Banach algebra version (G, B) ) of the assembly map. Theorem 1.3. [Laf] Suppose that a locally compact second countable group G acts properly and isometrically on a space X of one of the above three kinds. For every G-C * -algebra B, and every unconditional completion A(G):
The archetypical example of an unconditional completion is L 1 (G). In that case Theorem 1.3 says that
is an isomorphism for all G, B as above. In general the bijectivity of (4) is known as the Bost conjecture for G (with coefficients B).
The difference between K * (C * r (G, B)) and K * (A(G, B)) is an analytic issue, which is our main concern in this paper. Proposition 1.4. [Laf, Proposition 1.6.4] In the setting of Theorem 1.3, suppose that
) commutes with multiplication by γ. Proposition 1.4 and Theorem 1.1 show that in K * (C * r (G, B)) the images of µ B , of γ and of K * (A(G, B)) coincide. That leads to a criterion for BC with coefficients for G: Corollary 1.5. In the setting of Theorem 1.3, suppose that B is σ-unital and that for every class p ∈ K * (C * r (G, B)) there exists an unconditional completion A(G) such that:
) is a bijection. Corollary 1.5 applies in particular when
) can be proven to be surjective. In that case the comparison with K G * (X, B) shows that (5) is bijective.
It is not so easy to establish directly that (5) is surjective. When A(G, B) would be closed under the holomorphic functional calculus of C * r (G, B), that would follow from the density theorem in K-theory [Bos, Théorème A.2 .1]. Unfortunately, that seems to be rare for general B.
Let G be a reductive algebraic group over a local field F and endow G = G(F ) with the topology coming from the metric of F . Lafforgue [Laf] constructed completions of C c (G, B) with several relevant properties. Let Ξ : G → R be Harish-Chandra's spherical function and let ℓ : G → R ≥0 be a length function associated to the action of G on either its symmetric space (F archimedean) or its Bruhat-Tits building (F non-archimedean).
For t ∈ R we define an unconditional norm on C c (G, B) by
Let S t (G, B) be the completion of C c (G, B) with respect to the above norm and abbreviate S t (G) = S t (G, C).
Proposition 1.6. There exists r G ∈ N such that for all t > r G :
is contained in C * r (G, B) and the inclusion map is continuous. Proof. (a) According to [Wal, Lemme II.1.5 ] (for F non-archimedean), [HC, p. 279] (for F archimedean, G semisimple) and [Vig, Lemma 27] For large t, Corollary 1.5 applies to the algebra S t (G).
Theorem 1.7. [Laf] Let G be a reductive algebraic group defined over a local field F and write G = G(F ). For t > r G , S t (G) is an unconditional completion of C c (G) which is holomorphically closed in C * r (G). As a consequence, the Baum-Connes conjecture (with trivial coefficients) holds for G.
The properties of reductive groups which Lafforgue uses [Laf, §4.1] are quite specific, they are not available for most other groups. Furthermore Theorem 1.7 is not known with nontrivial coefficient algebras. In fact, in [Laf, p. 93 ] some obstructions are mentioned.
Spaces of rapidly decreasing functions
The goal of this paragraph is to make full use of results of Vignéras, which produce holomorphically closed subalgebras of C * -algebras.
Let G be locally compact Hausdorff group with a Haar measure µ. Let B be any G-C * -algebra. Recall that C c (G, B) acts on the Hilbert C * -module L 2 (G, B), by a combination of the convolution product of G and the product of B. The reduced crossed product C * r (G, B) is the closure of C c (G, B) with respect to the operator norm from B(L 2 (G, B) ). For a ∈ C * r (G, B), we denote the corresponding bounded operator on L 2 (G, B) by λ(a).
Let ℓ : G → R ≥0 be a Borel-measurable length function with
We note that pointwise multiplication by σ := 1 + ℓ is an unbounded operator on
) we define a (possibly unbounded) operator
with the topology given by the seminorms
We will now formulate a version of the results of [Vig, §7] for V ∞ ℓ (G, B). We note that, although Vignéras works exclusively with coefficients C, her arguments are equally valid with other coefficient G-C * -algebras.
Theorem 2.1. Let G be a locally compact group and let B be a G-C * -algebra.
is continuous, with dense image. (c) The set of invertible elements in the unitization V ∞ ℓ (G, B) + is open, and inversion is a continuous map from this set to itself.
is closed under the multiplication of C * r (G, B) and multiplication is jointly continuous for the topology of V ∞ ℓ (G, B).
As ℓ is a length function and by (6):
By [Sch, Theorem 1.2 .11] ℓ is bounded on the support of a, say by C a . Then (7) entails
.
, the inclusion is continuous. Its image contains C c (G, B) , so is dense in C * r (G, B). (c) Any invertible element of V ∞ ℓ (G, B) + is of the form z + a with z ∈ C × and a ∈ V ∞ ℓ (G, B). As multiplication by z −1 ∈ C × is certainly continuous, it suffices to consider the subset 1 [Vig, Lemma 16] shows that
(See [Sol1, Theorem 5.12] for an analogous argument in a different context.) The same calculation entails that a (8) and [Vig, Lemma 17] .
times the indicator function of K. This is a projection in C * r (G) and in the multiplier algebra of C * r (G, B). Right multiplication by e K just means averaging a measurable function f : G → B over K, making it right-Kinvariant. Left multiplication of f by e K can described explicitly as
If f = e K * f , then we say that f is twisted left-K-invariant. Equivalently,
For r ∈ R we define a norm on C c (G, B) by
be the completion of C c (G, B) with respect to the family of norms ν r (r ∈ Z). Following [Vig] , we call it the space of ℓ-rapidly decreasing functions in L 2 (G, B). See [Sch] for many similar dense Fréchet subspaces of L 2 (G, B) .
Let e K S ∞ ℓ (G, B)e K be the subspace of S ∞ ℓ (G, B) consisting of right-K-invariant, twisted left K-invariant maps. Equivalently, e K S ∞ ℓ (G, B)e K is the closure of e K C c (G, B)e K with respect to the norms ν r (r ∈ Z). Write e K C * r (G, B)e K and e K V ∞ ℓ (G, B)e K for the subalgebras of right-K-invariant, twisted left-K-invariants element in, respectively, C * r (G, B) and V ∞ ℓ (G, B). Notice that e K is the identity element of the multiplier algebra of e K C * r (G, B)e K .
e K is closed under the holomorphic functional calculus of e K C * r (G, B)e K . Proof. (a) The unitization B + of B is also a G-C * -algebra, in a natural way. Theorem 2.1 also applies with B + instead of B. The identity element of e K C * r (G,
With induction we obtain D n (λ(a))(e K ) = ℓ n a. By assumption
The norm of L 2 (G, B + ) differs from ν 0 , it is not clear whether the above implies that ν r (a) is finite! This says that ν r (a) < ∞ for all r ∈ Z, so [Bos, §A.1.5 ] that the holomorphic functional calculi of (e K V ∞ ℓ (G, B)e K ) + and (e K C * r (G, B)e K ) + can both be expressed as
where Γ is a suitable contour around the spectrum of a, and F is a primitive of a holomorphic function f . From this expression we see that it suffices to prove that every element of (e K V ∞ ℓ (G, B)e K ) + which is invertible in (e K C * r (G,
Notice that (e K C * r (G, B)e K ) + is naturally embedded in e K C * r (G, B + )e K . We can identify its unit element with e K . This has to be distinguished from the unit element of C * r (G, B + ) + , which we denote simply by 1. Then a + (1 − e K ) is invertible in C * r (G, B + ) + , with inverse a −1 + (1 − e K ). By Theorem 2.1.d
Then also
At the same time
From the density theorem for K-theory [Bos, Théorème A.2 .1], Theorem 2.1 and Lemma 2.2.b we immediately conclude: Corollary 2.3. The Fréchet algebra homomorphisms
Linear algebraic groups over non-archimedean local fields
In this paragraph F is a non-archimedean local field and G is a connected reductive group defined over F . We endow G = G(F ) with the topology coming from the metric of F , making it into a locally compact totally disconnected Hausdorff group. We denote the Bruhat-Tits building of G(F ) by X. More generally our below arguments work for (possibly disconnected) quasi-reductive groups over non-archimedean local fields, by [Sol2] . But since every quasi-reductive group is embedded in a reductive group, nothing would be gained by working in that generality. For background on the upcoming notions, we refer to [Tit] .
We fix a special vertex x 0 of X and we let G x 0 be its stabilizer in G. By the properness of the action, G x 0 is compact. Because G preserves the polysimplicial structure of X, the G-orbit of x 0 consists of vertices. Those lie discretely in X, so G x 0 is open in G. We normalize the Haar measure of G so that µ(G x 0 ) = 1.
We define
Since G acts continuously and isometrically on X, this is a continuous length function and ℓ(g) = ℓ(g −1 ). Notice that ℓ is biinvariant under G x 0 . Let S be a maximal F -split torus of G, such that x 0 lies in the apartment A S of X associated to S. Then M := Z G (S) is a minimal Levi subgroup of G. It has a unique maximal compact subgroup, namely M cpt = M ∩ G x 0 . Then M/M cpt can be identified with a lattice in the apartment A S .
Let P = M U be a minimal parabolic subgroup of G, with unipotent radical U and Levi factor M . (To be precise, one should say something like P is a minimal parabolic F -subgroup of G, and G = G(F ), P = P(F ).) Recall the Iwasawa decomposition:
The torus Z(M ) • acts algebraically on the Lie algebra of U , and that representation decomposes as a direct sum of algebraic characters χ : Z(M ) • → F × . Let F denote the norm of F . As Z(M ) • is cocompact in M , χ F extends uniquely to a character M → R >0 . We write
The Cartan decomposition says that the natural map
Notice that δ P (m) ≤ 1 for all m ∈ M + , where δ P : P → R >0 is the modular function. Using (10) we extend δ P to a right-
is G x 0 -biinvariant. Recall from Proposition 1.6 that for t ∈ R >r G there exist unconditional completions S t (G) and Banach algebras S t (G, B) Let K ⊂ G x 0 be an open subgroup. Then K is also closed in the compact Hausdorff group G x 0 , and hence compact. Since ℓ and Ξ are G x 0 -biinvariant, they descend to functions K\G/K → R. For a right-K-invariant, twisted left-K-invariant measurable function f : G → B, (9) and the G-invariance of the norm of B imply that f (g) B is K-biinvariant. Writing σ = 1 + ℓ, we find that for such f :
Imposing (twisted) K-biinvariance enables us to fit functions in S t (G, B): Proof. Since K is open and compact, the space K\G/K is discrete and its elements have finite volume (from the measure on G). Choose a set of representatives
By the Cartan decomposition (11), the natural map (12) {k
sends M/M cpt bijectively to a lattice in the apartment A S . Combining (12) and (13) with the definition of ℓ, we deduce that K\G/K has polynomial growth with respect to ℓ. Knowing that, [Vig, Lemma 9] says that the rapid decay of f (in the L 2 -sense) is equivalent to (14) sup
Notice that µ(KgK) and σ(g) are G x 0 -biinvariant. From [Wal, p. 241] we see that there exist
By (12) and (15), the condition (14) is equivalent to (16) sup
We recall from [Wal, Lemma II.1.1] that there exist C 1 , C 2 ∈ R >0 and d ∈ N such that
With that, (16) becomes equivalent to
In view of the K-biinvariance of f (g) B and G x 0 -biinvariance of the other involved terms, this says that
is finite. For the second claim we use Lemma 2.2.a.
In view of Corollary 2.3, Lemma 3.1 and Proposition 1.6, every class from K * (e K C * r (G, B)e K ) can be represented by elements of matrix algebras over S t (G, B) + (for t > r G ). This enables us to apply Corollary 1.5 and to prove: Theorem 3.2. Let F be a non-archimedean local field and let G be a connected reductive algebraic group defined over F . Endow G = G(F ) with the topology coming from the metric of F . Let B be a σ-unital G-C * -algebra. The assembly map
Proof. As G is totally disconnected and locally compact, its identity element admits a neighborhood basis consisting of compact open subgroups K [Bou, §3.4.6] . In particular K e K C c (G, B)e K is dense in C c (G, B) . We partially order these subgroups K by reverse inclusion. Then
is an approximate identity consisting of projections in the multiplier algebra of
where the limits are taken in the category of C * -algebras. By the continuity of topological K-theory
Pick any class p ∈ K * (C * r (G, B)). By (18) and Corollary 2.3 it lies in the image of
Then Lemma 3.1 and Proposition 1.6.b imply that p can be represented by an element in a matrix algebra over the Banach algebra S t (G, B) + , for any t > r G . In particular p lies in the image of K * (S t (G, B)) → K * (C * r (G, B) ). This holds for arbitrary p, so B) ) is surjective. In Proposition 1.6.a we saw that S t (G) is an unconditional completion of C c (G).
. Proposition 1.6.c enables us to rescale this norm so that
. Now we checked all the assumptions of Corollary 1.5, so we can finally apply that result.
Using the permanence properties of the Baum-Connes conjecture with coefficients (discussed in the appendix), we can generalize Theorem 3.2 to larger classes of groups.
Theorem 3.3. Let G be as in Theorem 3.2 and let H be a closed subgroup of G.
Let G ′ be a second countable, exact, locally compact group with an amenable closed normal subgroup N such that G ′ /N is isomorphic (as topological group) to H.
Then H and G ′ satisfy BC with arbitrary coefficients.
Proof. Every separable C * -algebra is σ-unital, so Theorem 3.2 says in particular that G satisfies BC with arbitrary separable coefficients. Apply Theorem A.3 and to G and H to get the desired result for H. Then apply Theorem A.4 to H, G ′ and N to obtain the claim for G ′ .
We note that Theorem 3.3 applies to every linear algebraic group over F , because such a group can be embedded as a closed subgroup in GL n (F ) for some n ∈ N.
Linear algebraic groups over global fields
In this section we consider linear algebraic groups G defined over a global field k. The points of G over the ring of adeles of k form a locally compact group, usually called an adelic group.
BC (with trivial coefficients) for reductive adelic groups has been obtained by Baum, Millington and Plymen in [BMP1] . Later Chabert, Echterhoff and OyonoOyono [CEO, Theorem 0.7] were able to show that all linear algebraic adelic groups over number fields satisfy BC. We will generalize these results to all linear algebraic groups and all global fields. Like the aforementioned work, our proofs rely on the following.
Theorem 4.1. [BMP2, Theorem 1.1] Let G be a second countable locally compact group. Let (G n ) ∞ n=1 be an increasing sequence of open subgroups, with ∞ n=1 G n = G. Let B be a G-C * -algebra and suppose that each G n satisfies BC with coefficients B. Then G satisfies the BaumConnes conjecture with coefficients B.
Let A k,fin be the ring of finite adeles of k, that is, the restricted product of the non-archimedean completions k v . Let (v i ) n i=1 be an ordering of the finite places of k and let o v i denote the ring of integers of k v i . Then A k,fin can be expressed as the increasing union of the open subrings
The ring of adeles A k is the direct product A k,fin × v|∞ k v , where the latter product runs over all infinite places of k. When k is a global function field, there are no infinite places and A k = A k,fin . On the other hand, every number field does possess infinite places (but only finitely many). Like in (19) we can write A k as the increasing union of the open subrings
Via the diagonal embedding, k can be realized as a discrete cocompact subring of
Theorem 4.2. Let G be a linear algebraic group defined over a global field k. 
. By Theorem 4.1 it suffices to establish the theorem for each of the subgroups
By Theorem 3.3 each G(k v i ) satisfies BCC. By Tychonoff's Theorem the product of compact groups i>n G(o v i ) is again compact. By [ChEc2, Theorem 3.17 .i] BC with separable coefficients is inherited by finite direct products of groups, so G n satisfies BC with arbitrary separable coefficients. With Corollary A.2 we can lift the separability requirement.
With the permanence properties of BCC from the appendix, we can generalize Theorem 4.2. For G(k) the below was already stated in [BMP2, Theorem 1.3] .
Corollary 4.3. Let G be a linear algebraic group defined over a global field k and suppose that, for every infinite place v of k, G(k v ) is amenable. Let H be a closed subgroup of G(A k ), for instance G(k) with the discrete topology.
Proof. Apply Theorems 4.2 and A.3 and to G and H to get the desired result for H. Since k embeds discretely in A k , G(k) embeds in G(A k ) as a discrete subgroup, and it is an example of such an H. Then apply Theorem A.4 to H, G ′ and N to obtain the claim for G ′ .
Unfortunately part (b) of Theorem 4.2 does not apply to all linear algebraic groups over number fields, because the Baum-Connes conjecture with coefficients is still open for many reductive Lie groups. A strong result in that direction was proven by Chabert, Echterhoff and Nest. We present a slightly simplified version: We generalize this to adelic groups. Theorem 4.5. Let G be a linear algebraic group defined over a global field k. Then the adelic group G(A k ) satisfies the twisted Baum-Connes conjecture. Proof. Let K(H) be the algebra of compact operators on a separable Hilbert space H, and suppose that it carries the structure of a G(A k )-C * -algebra. We have to show that G(A k ) satisfies BC with coefficients K(H).
Write N = v|∞ G(k v ). As the R-points of an algebraic group, this is a (finite dimensional) Lie group with only finitely many connected components. Suppose that L ⊂ G(A k ) is a closed subgroup containing N as cocompact subgroup. Then
is totally disconnected, and hence For technical reasons, we prove some of the results in the body of our paper initially only for separable coefficient algebras. In this appendix we discuss how the Baum-Connes conjecture with separable coefficients for an exact group G implies BC for G with coefficients in an arbitrary G-C * -algebra. This is made possible by the work of on the continuity of the topological side of BCC.
Let G be a second countable, locally compact group and let B be any G-C * -algebra. Let {B i : i ∈ I} be the set of separable G-stable sub-C * -algebras of B, partially ordered by inclusion. The second countablity of G entails that every element of B is contained in such a separable subalgebra B i . It follows that (21) lim
Proposition A.1. Let G, B and the B i be as above. There is a natural isomorphism
Proof. In [ChEc2, Proposition 7.1] this was proven when B is separable and {B i : i ∈ I} is an arbitrary inductive system of separable G-C * -algebras with direct limit B. We check that the arguments in [ChEc2] also work when B is not separable. In [ChEc2] K top * (G, B) is exhibited as a direct limit of groups KK G * (C 0 (X), B i ), where i ∈ I and X runs through some collection of proper G-spaces. The maps relating these KK-groups to the limit group are given by Kasparov products
The only involved element of KK G * (B i , B) is associated to the inclusion B i → B, while the only relevant elements of KK G * (C 0 (X ′ ), C 0 (X)) are those induced by a continuous map X → X ′ and Bott elements in KK G * (C 0 (X ⊗ R), C 0 (X)) or KK G * (C 0 (X ′ ), C 0 (X ′ ⊗ R)). As Chabert and Echterhoff observe, the associativity of the Kasparov product is needed to exchange the order of certain direct limits. After that, their arguments do not use any properties of the separable coefficient algebras B i , they only involve various constructions with commutative C * -algebras.
We point out that, by [Kas, Theorems 2.11 and 2.14.5], the associativity of the Kasparov product in (22) holds even if B is not separable. With this in mind, the entire proof of [ChEc2, Proposition 7 .1] also applies to our possibly non-separable G-C * -algebra B.
As the continuity of the analytic side of Baum-Connes follows from exactness of the group, Proposition A.1 has the following consequence: Corollary A.2. Let G be a second countable, exact, locally compact group. Suppose that G satisfies the Baum-Connes conjecture with coefficients in any separable G-C * -algebra. Then G satisfies BCC, that is, BC with arbitrary (possibly non-separable) coefficients.
Proof. The inclusion B i → B and the naturality of the assembly map [BCH, §9] Combine these with Proposition A.1. Using the assumption that every µ B i is an isomorphism, we find that µ B is an isomorphism as well.
From [ChEc2, Theorem 2.5] and Corollary A.2 we get:
Theorem A.3. Let G be a second countable, exact, locally compact group and let H be a closed subgroup of G. Suppose that G satisfies the Baum-Connes conjecture with arbitrary separable coefficients. Then H satisfies BCC, that is, BC with arbitrary coefficients.
Chabert, Echterhoff and Oyono-Oyono [CEO] proved a permanence property of BCC with respect to extensions, which we now generalize to arbitrary coefficient algebras.
Theorem A.4. Let G be a second countable, exact, locally compact group and let N be a closed normal amenable subgroup of G. Suppose that G/N satisfies BC with arbitrary separable coefficients. Then G satisfies BCC (with arbitrary coefficients).
Proof. By Corollary A.2 it suffices to prove BC for G with coefficients in an arbitrary separable G-C * -algebra B.
Suppose that L is an extension of N by a compact group. Then L inherits the amenability of N , so by [HiKa] it satisfies BC with arbitrary separable coefficients. This shows that the assumptions of [CEO, Theorem 2.1] are satisfied by (G, N ). As moreover B is separable, we may apply that result. It says that the bijectivity of the assembly map µ B is equivalent to: the pair (G, N ) satisfies Baum-Connes with coefficients C * r (N, B) . The statement involves a twisted action of (G, N ) on C * r (N, B) . Fortunately, by [Ech, Theorem 1] this twisted action is G-equivariantly Morita equivalent to an ordinary action of G/N on another separable C * -algebra, say B ′ . Then BaumConnes for (G, N ) with coefficients C * r (N, B) is equivalent to Baum-Connes for G/N with coefficients B ′ [ChEc1, Proposition 5.6] . That holds by assumption.
